Abstract. We obtain Morse index estimates in certain saddle point type theorems when there is no finite dimensional closed loop. An application to a semilinear boundary value problem is given.
Introduction
Let H = H 1 ⊕ H 2 be a Hilbert space, H 1 , H 2 closed subspaces, and let G be a C 2 functional on H satisfying the Palais-Smale compactness condition (PS) and such that ∇G is a Fredholm nonlinear map of index 0 near its critical points. In [3] , Lazer and Solimini prove Theorem 1.1. Assume that dim H 1 < ∞, (1.1) This theorem has many applications. In particular, it implies the theorem of Amann and Zehnder [1] . Theorem 1.1 relies upon the finite dimensionality of H 1 . In the present paper we remove this restriction and assume dim H 2 < ∞. (1.6) Of course, the conclusion(1.5) must be changed. We shall prove Theorem 1.2. Assume that there is a ρ > 0 such that a 0 = sup In particular, the following alternative holds: Either (a) G has a critical point u 1 satisfying
We explicitly remark that our theorem includes the case a 0 = b 0 . We also prove the following:
then G also has critical points u 2 ,ū 2 satisfying
When dim H 1 < ∞, a 0 < b 0 , and (1.12) holds, a critical point u 2 satisfying
was obtained in Perera [5] (see Theorem 3.1.3 and Example 3.1.4). When dim H 1 < ∞ and (1.16) holds, applying Theorem 1.4 to −G, we obtain critical points u,ū satisfying
Theorems 1.2-1.4 will be proved in Section 2. The proofs are based on a new linking theorem proved in Schechter [7] and an infinite dimensional version of Sard's theorem due to Smale [9] . We recall the new linking concept introduced in Schechter and Tintarev [8] . Let Φ be the set of all continuous maps Γ = Γ(t) from
, H is a single point in H and Γ(t), A converges uniformly to Γ(1), H as t → 1 for each bounded set A ⊂ H. It was shown in Schechter [7] that ∂B 1 ρ links H 2 for each ρ > 0 and that, if A links B and ψ is a homeomorphism of H onto itself such that ψ and ψ −1 map bounded sets into bounded sets, then ψA links ψB. We will make use of these results in our proofs.
We give an application to semilinear boundary value problems in Section 3.
2. Proofs of Theorems 1.2-1.4
Proof of Theorem 1.2. Let Ψ be the class of C 1 diffeomorphisms ψ of H such that ψ, ψ −1 map bounded sets into bounded sets and set
where
ρ . We define
For any ψ ∈ Ψ 1 , according to the remarks at the end of the introduction,
Testing with the map Γ ∈ Φ,, Γ(t), u = (1 − t), u, we see that
Now it follows from a standard argument involving the negative gradient flow of G that c 1 andc 1 are critical values of G. Using some ideas from Lazer and Solimini [3] , we will show that there are corresponding critical points u 1 and u 1 , respectively, satisfying 1.10. We only considerc 1 . The proof of the other inequality is similar and simpler. Case 1. a 0 <c 1 Since G satisfies (PS)c 1 , the set Kc 1 of critical points of G at the critical levelc 1 is compact. We will first consider the case where Kc 1 consists of only nondegenerate critical points. Then Kc 1 consists of isolated critical points by the Morse lemma (see, e.g., Chang [2] ) and therefore Kc 1 is a finite set. For simplicity, we consider only the case where Kc 1 consists of a single pointū 1 . The argument extends to the case where Kc 1 consists of more than one point in a straightforward way.
Assuming that m(−G,ū 1 ) < dim H 2 , we will arrive at a contradiction; we will show that there is a neighborhood N ofū 1 in H such that, for all > 0, there exists aψ ∈ Ψ 1 such that
Since G satisfies (PS)c 1 , by a well-known argument, given any¯ > 0, there is an ∈ (0,¯ ) and a σ ∈ Ψ such that
contradicting the definition ofc 1 .
We now show the existence of the set N andψ ∈ Ψ 1 satisfying (2.6) and (2.7). Let H ± denote the positive, negative subspaces of G (ū 1 ), respectively;
We write u ∈ H as u = u − + u + with u ± ∈ H ± . By the Morse lemma, there is a local diffeomorphism ϕ from a neighborhood of 0 in H onto a neighborhood of
Since a 0 <c 1 , we may choose 0 < r 1 < r 2 so small that if
is contained in the domain of ϕ and
We take
By the definition ofc 1 , given any > 0, there is a ψ ∈ Ψ 1 such that
Choosing ≤ r 2 2 − r 2 1 , we will construct aσ ∈ Ψ 1 such thatψ =σ • ψ satisfies (2.6) and (2.7).
Let
by (2.9), and so f (M ) = P − ϕ −1 (ψB 1 ∩N ) is a closed set with empty interior in H − by the Sard-Smale theorem (Corollary 1.4 of Smale [9] ). Take u 0 ∈ B ) , and consider the C 1 flow η(t) generated by
where a = log((r 1 + u 0 )/r) > 0. It is easily seen that (i) (η(t)u) − is nondecreasing in t when (η(t)u) − ≥ r 1 , and (η(t)u)
In particular, η(B
), id everywhere else.
(2.17)
), by (2.10) and (i),
by (2.10) and (2.14), we have by (ii). In any case, G(σ(u)) ≤ G(u) for all u ∈ ψB 1 , and (2.6) holds witĥ ψ =σ • ψ by (2.14).
Since
we have
and henceσ .26) i.e., (2.7) also holds forψ =σ • ψ.
Next we consider the degenerate case using the perturbation method of Marino and Prodi [4] . Assume that m * (−G, u) < dim H 2 for every u ∈ Kc 1 , i.e., denoting by H − u the negative subspace of G (u),
Then U is a neighborhood of Kc 1 and hence, for all sufficiently small µ > 0,
by (PS)c 1 . Sincec 1 > a 0 , we may also assume that
Given µ > 0, by (PS)c 1 , G has no critical points in H \N 2µ at a level in [c 1 − , c 1 + ] for all sufficiently small > 0. By Section 3 of Solimini [10] , choosing µ, smaller if necessary, there is a C 2 functionalG on H such that 
SoKc consists of only nondegenerate critical points by (iv), and, as before, there is aũ ∈Kc with m(−G,ũ) ≥ dim H 2 . But, by (2.29),ũ ∈ U u for some u ∈ Kc 1 and hence, by (iii),
Case 2. a 0 = b 0 =c 1 Then it follows as in the proof of Theorem 2.1 of Schechter and Tintarev [8] that there is a critical pointū 1 ∈ H 2 such that
Proof of Theorem 1.3. Set Ψ 2 = {ψ ∈ Ψ : ψ| H 2 = id} (2.37) and define
As before, it follows that
Now the conclusion follows from arguments similar to those in the proof of Theorem 1.2.
Proof of Theorem 1.4. LetΨ be the set of ψ ∈ Ψ such that there is a
we see that ψH 2 ∩ H 1 = Ø and hence
Noting that the homeomorphism of H constructed using the negative gradient flow of G in the proofs of standard min-max theorems belongs toΨ, the conclusion follows as before.
An Application
We now consider the semilinear elliptic boundary value problem
where Ω is a smooth bounded domain in R n and f ∈ C 1 (Ω × R, R) satisfies
If f (x, 0) ≡ 0, then u ≡ 0 is a solution of (3.1). We seek others as critical points of the C 2 functional
where F (x, t) := t 0 f(x, s) ds. In order to ensure that G satisfies (PS), we assume that the only solution of
where u ± (x) = max {±u(x), 0}, is u ≡ 0. Let 0 < λ 1 < λ 2 < λ 3 < · · · be the distinct Dirichlet eigenvalues of −∆ and let
For a ∈ R, the following quantities were introduced in Schechter [6] :
Clearly, α 1 = λ 1 = γ 1 (a) for all a ∈ R. Among other things, it was shown in Section 2 of [6] that (i) The functions γ (a), Γ (a) are continuous and decreasing.
(ii) If ≥ 2, then α < λ . (iii) If ≥ 2 and a > α , then γ (a) < ∞ and the supremum is attained. (iv) For each , the infimum in (3.8) is attained.
The following theorem is an improvement of Theorem 2.4 in [6] .
Theorem 3.1. Assume that, for some ≥ 1, there are a 1 , a 2 ∈ R with α l < a 1 ≤ a 2 and
and either Then, if l ≥ 2, the interval (α − , α + ) may contain the eigenvalue λ by (ii),(iii), and (v) above.
We first obtain Morse index estimates for the trivial solution u(x) ≡ 0 using (3.10) and (3.11). Since the integrand is nonnegative and the eigenfunction u is nonzero a.e., we must have f t (x, 0) ≡ λ +1 .
The other inequality follows similarly.
Proof of Theorem 3.1. By (3.9), 
